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Abstract
In J. Math. Anal. Appl. 12 (1995) 258–265, Araujo et al. proved that for any linear biseparating
map ϕ from C(X) onto C(Y ), where X and Y are completely regular, there exist ω in C(Y ) and an
homeomorphism h from the realcompactification vX of X onto vY , such that
ϕ(f )(y)= ω(y)f (h(y)) for all f ∈ C(X) and y ∈ Y.
The compact version of this result was proved before by Jarosz in Bull. Canad. Math. Soc. 33 (1990)
139–144. In Contemp. Math., Vol. 253, 2000, pp. 125–144, Henriksen and Smith asked to what ex-
tent the result above can be generalized to a larger class of algebras. In the present paper, we give
an answer to that question as follows. Let A and B be uniformly closed Φ-algebras. We first prove
that every order bounded linear biseparating map from A onto B is automatically a weighted isomor-
phism, that is, there exist ω in B and a lattice and algebra isomorphism ψ between A and B such that
ϕ(a)= ωψ(a) for all a ∈A.
We then assume that every universally σ -complete projection band in A is essentially one-dimen-
sional. Under this extra condition and according to a result from Mem. Amer. Math. Soc. 143 (2000)
679 by Abramovich and Kitover, any linear biseparating map ϕ from A onto B is automatically order
bounded and, by the above, a weighted isomorphism. It turns out that, indeed, the latter result is a gen-
eralization of the aforementioned theorem by Araujo et al. since we also prove that every universally
σ -complete projection band in the uniformly closed Φ-algebra C(X) is essentially one-dimensional.
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The order boundedness of d-isomorphisms between Riesz spaces, that is, linear bijec-
tive maps that preserve disjointness in both directions, has been investigated over the last
two decades. The history of the latter study as well as a wealth of results can be found in the
memoir [1] of Abramovich and Kitover. On algebras of real or complex valued continuous
functions, the concept of d-isomorphisms coincides with the concept of linear biseparating
maps, that is, linear bijective maps ϕ for which
fg = 0 if and only if ϕ(f )ϕ(g)= 0.
The study of when linear biseparating maps on such algebras are weighted isomorphisms
started in 1990 with the paper [14] by Jarosz and culminated in the work [3] by Araujo et al.
with the following result: let C(X) and C(Y ) be the algebras of real or complex valued
continuous functions on completely regular topological spaces X and Y , respectively. If ϕ
is a linear biseparating map then there exist a nonvanishing ω ∈ C(Y ) and an homeomor-
phism h from the realcompactification vX of X onto vY , such that
ϕ(f )(y)= ω(y)f (h(y)) for all f ∈C(X) and y ∈ Y.
Henriksen and Smith in [12] tried to generalize the aforementioned result by Araujo et al.
to the more general setting of Φ-algebras, that is, Archimedean f -algebras with identity
element. The best result they obtained in that direction is the following: every positive
linear biseparating map ϕ between two Φ-algebras A and B closed under inversion is a
weighted isomorphism, that is, there exist an invertible w ∈ B and a lattice and algebra
isomorphism ψ from A onto B such that
ϕ(a)=wψ(a) for all a ∈A.
In Sections 3 and 4 of the present paper, we extend the above result by Henriksen and Smith
to all order bounded (not necessarily positive) linear biseparating maps on arbitrary (not
necessarily closed under inversion) Φ-algebras over the reals as well as over the complex
numbers. In the previously mentioned memoir by Abramovich and Kitover, the following
result was proved: a d-isomorphism between two uniformly closed (uniformly complete in
the terminology used by Abramovich and Kitover) Riesz spaces L and M is automatically
order bounded as soon as every universally σ -complete projection band in L is essentially
one-dimensional. In Section 5, we use this result to show that every linear biseparating map
between two uniformly closed Φ-algebras A and B is a weighted isomorphism if A has the
same property as L in the above result by Abramovich and Kitover. We then proceed to
prove that every algebra of all scalar-valued continuous functions on a completely regular
topological space actually has that property. We thus obtain as a consequence the result by
Araujo et al. cited above by completely different means. In Section 6, we give examples
to show that our results are close to being the best possible. One of those examples again
comes from the memoir [1] by Abramovich and Kitover. Also, in that section we investigate
the impact of the existence of a linear biseparating map between two Φ-algebras A and B
on the relationship between the topological spaces of maximal -ideals (ring and order
ideals) of A and B , respectively. In Section 2, we collect all ingredients and tools we need
for our investigation. We refer the reader to the monographs [17] by Zaanen and [8] by
Gillman and Jerison for notations, terminology, and concepts not explained in this paper.
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We shall impose as a blanket assumption that all real Riesz spaces under consideration
in this paper are Archimedean. We start this section with a short account on order bounded
linear maps on Riesz spaces. Let L and M be Riesz spaces. A linear map ϕ :L→M is
said to be order bounded if for each a ∈ L+ there exists b ∈ M+ such that |ϕ(x)|  b
in M whenever |x| a in L. The linear map ϕ :L→M is said to be positive if a ∈ L+
implies ϕ(a) ∈M+. Every positive linear map is order bounded. A lattice homomorphism
(briefly, -homomorphism) from L into M is a linear map ϕ :L→M with the property
that a ∧ b = 0 in L implies ϕ(a) ∧ ϕ(b)= 0 in M (equivalently, |ϕ(a)| = ϕ(|a|) for all
a ∈ L). Every -homomorphism is positive and therefore order bounded. Let ϕ :L→M
be an -homomorphism. If ϕ is one-to-one and onto then its inverse ϕ← :M → L also
is an -homomorphism and, in this situation, we call ϕ an -isomorphism. For more
information about order bounded linear maps on Riesz spaces, the reader is encouraged
to consult Chapter 9 in [17]. For later references, we need an important property of bilinear
orthosymmetric maps on Riesz spaces. First, let us recall some definitions. Let L and M
be Riesz spaces. A bilinear map τ :L × L→M is said to be positive if τ (a, b) ∈ M+
whenever a, b ∈ L+. We say that the bilinear map τ :L × L→M is orthosymmetric if
a ∧ b = 0 in L implies τ (a, b) = 0 in M . The notion of an orthosymmetric map was
introduced by Buskes and van Rooij in [7]. For a proof of the following proposition, see
[5, Theorem 2.7] or [7, Corollary 2].
Proposition 2.1. Let L and M be Riesz spaces. Every bilinear positive orthosymmetric
map τ :L×L→M is symmetric, that is,
τ (a, b)= τ (b, a) for all a, b ∈L.
In what follows, we turn our attention to linear disjointness preserving maps on Riesz
spaces. Let L and M be Riesz spaces. A linear map ϕ :L→M is said to be disjointness
preserving if |ϕ(a)| ∧ |ϕ(b)| = 0 in M whenever |a| ∧ |b| = 0 in L. A linear disjointness
preserving map ϕ :L → M is an -homomorphism if and only if ϕ is positive. A d-
isomorphism from L onto M is a linear bijective map ϕ :L→M such that both ϕ and ϕ←
are disjointness preserving. Linear disjointness preserving maps as well as d-isomorphisms
need not be order bounded. The following important theorem, due to Meyer, can be found
in [16, Theorem 3.1.4].
Theorem 2.2. Let L andM be Riesz spaces, and let ϕ :L→M be an order bounded linear
disjointness preserving map. Then there exist unique -homomorphisms ϕ+, ϕ− :L→M
such that
ϕ = ϕ+ − ϕ−
and
ϕ+(a)= ϕ(a)+, ϕ−(a)= ϕ(a)− for all a ∈L+.
The decomposition ϕ = ϕ+ − ϕ− in the theorem above is called the decomposition
of ϕ into its positive part ϕ+ and negative part ϕ−. For many recent facts about linear
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by Abramovich and Kitover. The next lines are devoted to some general information
on Φ-algebras. A Riesz space A which is simultaneously an associative algebra such
that ab ∈ A+ for all a, b ∈ A+ (equivalently, |ab|  |a||b| for all a, b ∈ A) is called a
lattice-ordered algebra. The lattice-ordered algebra A is called an f -algebra whenever
a ∧ b = 0 implies (ac)∧ b = (ca)∧ b = 0 for all c ∈ A+. Any (Archimedean) f -algebra
is commutative and has positive squares. In an f -algebra A, the condition |a| ∧ |b| = 0
implies ab = 0 and the converse holds if, for instance, A has an identity element. The
definition of a Φ-algebra was introduced by Henriksen and Johnson in [10] as follows.
Definition 2.3. A Φ-algebra is an Archimedean f -algebra with identity element.
In particular, all properties of f -algebras listed above are valid for Φ-algebras. Let
us discuss the uniform convergence on Φ-algebras. Let A be a Φ-algebra with identity
element denoted by eA. A sequence (an)∞n=1 in A is said to converge uniformly to a ∈ A
if for every real number ε > 0 there exists a natural number n0 such that |a − an| εeA
for all n n0. Since A is Archimedean, uniform limits are unique. The sequence (an)∞n=1
in A is called a uniform Cauchy sequence if for each ε > 0 there exists a natural number n0
such that |an − am| εeA for all n,m n0. If every uniform Cauchy sequence in L has a
(unique) uniform limit in A then A is said to be uniformly closed (or uniformly complete).
For more background on Φ-algebras, the reader is referred to the fundamental paper [10]
by Henriksen and Johnson. Next we present the definition of a linear biseparating map
between two arbitrary commutative algebras over a field.
Definition 2.4. Let A and B be commutative algebras over a field. A linear map ϕ :A→B
is said to be separating if ab = 0 in A implies ϕ(a)ϕ(b) = 0 in B; and ϕ is said to be
biseparating if ϕ is bijective and both ϕ and its inverse ϕ← are separating.
Since the equivalence ‘ab = 0 if and only if |a| ∧ |b| = 0’ holds in a Φ-algebra, the
notions of linear disjointness preserving maps and linear separating maps coincide on Φ-
algebras. The same conclusion follows for the notions of linear biseparating maps and
d-isomorphisms. In particular, Theorem 2.2 above remains valid for order bounded linear
separating maps between two Φ-algebras. The last paragraph of this section deals with the
connection between algebra isomorphisms and -homomorphisms on Φ-algebras. The first
result in this direction seems to go back to Hager and Robertson in [9], who proved that
any -homomorphismψ from a Φ-algebra A with eA as identity element into a Φ-algebra
B with eB as identity element is an algebra homomorphism as soon as ψ(eA)= eB . Recall
that an algebra homomorphism from A into B is a linear map ϕ :A→B with the property
ϕ(ab) = ϕ(a)ϕ(b) for all a, b ∈ A. The aforementioned result of Hager and Robertson
was obtained later independently by Huijsmans and de Pagter in [13]. Actually, Huijsmans
and de Pagter proved that if A and B are Φ-algebras with identity elements eA and eB ,
respectively, and if ψ :A→ B is a positive linear map with ψ(eA)= eB , then ψ is an -
homomorphism if and only if ψ is an algebra homomorphism. This leads to the following
proposition.
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tively, and let ψ :A→ B be a positive linear map. Then the following statements are
equivalent:
(i) ψ is an -isomorphism with ψ(eA)= eB ;
(ii) ψ is an algebra isomorphism (i.e., ψ is a bijective algebra homomorphism);
(iii) ψ is a Φ-algebra isomorphism (i.e., ψ is both, an algebra isomorphism and an -
isomorphism).
Any linear map ψ :A→B satisfying one of the three equivalent conditions (i), (ii), and
(iii) in Proposition 2.5 above will be called an isomorphism from A onto B . This allows us
to introduce the following definition.
Definition 2.6. Let A and B be Φ-algebras, and let ϕ :A→ B be a linear map. We call ϕ
a weighted isomorphism if there exist
(i) an isomorphism ψ :A→ B , and
(ii) an invertible element w ∈B
such that
ϕ(a)=wψ(a) for all a ∈A.
The element w will be called the weight of ϕ.
Observe at last that any weighted isomorphism between two Φ-algebras is order
bounded and biseparating. It is precisely the converse of this statement that we will in-
vestigate in this paper.
3. Order bounded linear biseparating maps on real Φ-algebras
Our main purpose in this section is show that any order bounded linear biseparating
map between two Φ-algebras is a weighted isomorphism. To this end, we need the next
two lemmas. First of all, recall that if ϕ is an order bounded linear map between two Φ-
algebras then its positive and negative parts are denoted by ϕ+ and ϕ−, respectively (see
Theorem 2.2).
Lemma 3.1. Let A and B be Φ-algebras, and let ϕ :A→ B be an order bounded linear
separating map. Then
(i) ϕ+(a)ϕ−(b)= 0 for all a, b ∈A, and
(ii) ϕ(a)ϕ(b)∈B+ for all a, b ∈A+.
Proof. (i) Let a, b ∈ A. Since ϕ+ and ϕ− are -homomorphisms (see Theorem 2.2), we
get
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∣
∣ϕ+(a)ϕ−(b)
∣
∣= ∣∣ϕ+(a)∣∣∣∣ϕ−(b)∣∣= ϕ+(|a|)ϕ−(|b|)
 ϕ+
(|a| + |b|)ϕ−(|b| + |a|)= (ϕ(|a| + |b|))+(ϕ(|b| + |a|))− = 0.
Consequently, ϕ+(a)ϕ−(b)= 0.
(ii) Let a, b ∈A+. It follows from (i) that
ϕ(a)ϕ(b)= (ϕ+(a)− ϕ−(a))(ϕ+(b)− ϕ−(b))= ϕ+(a)ϕ+(b)+ ϕ−(a)ϕ−(b),
that is, ϕ(a)ϕ(b)∈ B+ and we are done. ✷
Lemma 3.2. Let A and B be Φ-algebras, and let ϕ :A→ B be an order bounded linear
separating map. If eA denotes the identity element of A then
ϕ(eA)ϕ(ab)= ϕ(a)ϕ(b) for all a, b ∈A.
Proof. It suffices to prove the result for a, b ∈ A+. To this end, fix b ∈A+ and define the
bilinear map τb :A×A→B by
τb(a, c)= ϕ+(a)ϕ+(bc) for all a, c ∈A.
Clearly, τb is positive. On the other hand, choose a, c ∈ A+ so that a ∧ c = 0. Then
a ∧ (bc)= 0 and, as ϕ+ is an -homomorphism, ϕ+(a)∧ ϕ+(bc)= 0. Thus
τb(a, c)= ϕ+(a)ϕ+(bc)= 0,
and τb is orthosymmetric. In view of Proposition 2.1, τb is symmetric. Consequently,
ϕ+(a)ϕ+(bc)= ϕ+(c)ϕ+(ba) for all a, c ∈A.
If we take eA instead of c in the equality above then we find
ϕ+(a)ϕ+(b)= ϕ+(eA)ϕ+(ba) for all a, b ∈A+.
Analogously,
ϕ−(a)ϕ−(b)= ϕ−(eA)ϕ−(ba) for all a, b ∈A+.
Lemma 3.1(i) together with the two last equalities leads to
ϕ(a)ϕ(b)= ϕ(eA)ϕ(ab) for all a, b ∈A+.
This completes the proof of the lemma. ✷
We have now gathered all of the ingredients for the proof of the principal result of this
section.
Theorem 3.3. Let A and B be Φ-algebras, and let ϕ :A→ B be an order bounded linear
biseparating map. Then ϕ is a weighted isomorphism.
Proof. Let ψ be the linear map defined from A into B by
ψ(a)= ϕ(ϕ←(eB)2
)
ϕ(a) for all a ∈A.
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positive. Accordingly,ψ is an -homomorphism. Furthermore, if a, b ∈A then Lemma 3.2
yields that
ψ(a)ψ(b)= ϕ(ϕ←(eB)2
)
ϕ(a)ϕ
(
ϕ←(eB)2
)
ϕ(b)
= ϕ(ϕ←(eB)2
)
ϕ
(
ϕ←(eB)2
)
ϕ(eA)ϕ(ab)
= ϕ(ϕ←(eB)2
)
ϕ
(
ϕ←(eB)
)
ϕ
(
ϕ←(eB)
)
ϕ(ab)
= ϕ(ϕ←(eB)2
)
ϕ(ab)=ψ(ab).
This implies that ψ is an algebra homomorphism. Now, if w = ϕ(eA) then for all a ∈ A,
we have
wψ(a)= ϕ(eA)ψ(a)= ϕ(eA)ϕ
(
ϕ←(eB)2
)
ϕ(a)
= ϕ(ϕ←(eB)
)
ϕ
(
ϕ←(eB)
)
ϕ(a)= ϕ(a)
(where we again use Lemma 3.2). Moreover,
eB = ϕ
(
ϕ←(eB)
)= ϕ(eA)ψ
(
ϕ←(eB)
)=wψ(ϕ←(eB)
)
,
that is, w is invertible in B . Also, ψ is bijective because ϕ is bijective and
ψ(a)=w−1ϕ(a) for all a ∈A.
Consequently, ψ is an isomorphism from A into B . Finally, ϕ is a weighted isomorphism.✷
4. Order bounded linear biseparating maps on complex Φ-algebras
In this section we intend to prove the complex version of Theorem 3.3. First of all, we
introduce the notion of complex Φ-algebras. Let A be a uniformly closed Φ-algebra. The
classical algebra complexification of A is denoted by AC, that is,
AC =A+ iA= {a + ib: a, b ∈A},
and the multiplication in AC is given by
(a + ib)(c+ id)= (ac− bd)+ i(ad + bc) for all a, b, c, d ∈A.
Let u= a + ib ∈LC. A modulus of u can be introduced by the formula
|u| = sup{(cosθ)a + (sin θ)b: 0 θ  2π}.
Since A is assumed to be uniformly closed, the supremum given above exists in A+. It is
easy to see that if u= a+ ib ∈LC then |u| = ||a|+ i|b|| and |a|, |b| |u|. Furthermore, the
modulus in AC has the next properties, which will be used later without further mention:
(i) |uv| = |u||v| for all u,v ∈AC;
(ii) If u,v ∈AC and |u| ∧ |v| = 0 then |u| ∧ |zv| = 0 for all z ∈AC;
(iii) If u,v ∈AC then |u| ∧ |v| = 0 if and only if |uv| = |u||v| = 0.
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AC has the same identity element as A. The more general structure of complex f -algebras
was considered extensively in [4]. Now, we focus on linear maps on complex Φ-algebras.
Let AC and BC be complex Φ-algebra. Every R-linear map ϕ :A→ B uniquely extends
to AC as a C-linear map ϕC :AC→ BC where ϕC is defined by
ϕC(a + ib)= ϕ(a)+ iϕ(b) for all a, b ∈A.
Usually this canonical extension is denoted again by ϕ. Conversely, for every C-linear
map ϕ :AC → BC there exist unique R-linear maps Reϕ, Imϕ :A→ B such that ϕ =
Reϕ+ i Imϕ , that is,
ϕ(a)= Reϕ(a)+ i Imϕ(a) for all a ∈A.
Accordingly, one may identify the space L(A,B) of all R-linear maps from A into B with
a real linear subspace of the space L(AC,BC) of all C-linear maps from AC into BC.
With respect to this identification, L(AC,BC) is the complexification of L(A,B). Thus,
a C-linear map ϕ :AC→ BC is said to be real if ϕ ∈ L(A,B), that is, ϕ maps A into B .
A C-linear map ϕ :AC→ BC is said to be order bounded if for every a ∈A+ there exists
b ∈ B+ such that |ϕ(u)|  b for all u ∈ AC with |u|  a. It is not hard to see that a
C-linear map ϕ :AC → BC is order bounded if and only if Reϕ, Imϕ :A→ B are order
bounded as well. For more background on linear maps on the more general structure of
complex Riesz spaces, the reader is referred to [17, Section 36]. The next definition extends
Definition 2.6 to the complex case. Recall first that by an isomorphism from A onto B we
mean an R-linear positive map with one of the three equivalent properties (i), (ii), and (iii)
in Proposition 2.5.
Definition 4.1. Let AC and BC be complex Φ-algebras. We call a C-linear map ϕ :AC→
BC a weighted isomorphism if there exist
(i) an invertible element w ∈BC, and
(ii) an isomorphism ψ :A→ B
such that
ϕ(u)=wψ(u) for all u ∈AC
(notice that if u = a + ib then ψ(u) = ψ(a)+ iψ(b)). The element w will be called the
weight of ϕ.
As mentioned before, our principal purpose in this section is to prove that any order
bounded C-linear biseparating map between two complex Φ-algebras is a weighted iso-
morphism. This mark will be hit after a series of lemmas.
Lemma 4.2. Let AC and BC be complex Φ-algebras, and let ϕ be a C-linear separating
map. Then Reϕ, Imϕ are again separating.
Proof. This follows straightforwardly from the fact that the inequalities
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∣Reϕ(a)
∣
∣
∣
∣ϕ(a)
∣
∣ and
∣
∣Imϕ(a)
∣
∣
∣
∣ϕ(a)
∣
∣
hold for all a ∈A. ✷
The converse of Lemma 4.2 above fails to be true as is shown in the following simple
example.
Example 4.3. LetA= B = C([0,1]) the uniformly closed realΦ-algebra of all real-valued
continuous functions on [0,1]. Define the C-linear map ϕ :AC→BC by putting
ϕ(f + ig)≡ (f (0)− g(1))+ i(f (1)+ g(0)) for all f,g ∈A.
It is a simple exercise to find that
Reϕ(f )≡ f (0) and Imϕ(f )≡ f (1) for all f ∈A.
Clearly, both Reϕ and Imϕ are separating, which is not the case for ϕ.
The next lemma plays a key role in the proof of the main result of this section.
Lemma 4.4. Let AC and BC be complex Φ-algebras, and let ϕ :AC → BC be an order
bounded C-linear separating map. Then
Reϕ(a) Imϕ(b)= Reϕ(b) Imϕ(a) for all a, b ∈A.
Proof. The proof involves the same argument as previously used to establish Lemma 3.2.
By Lemma 4.2 above, both Reϕ and Imϕ are separating from A into B . Moreover, Reϕ ,
Imϕ are order bounded. Thus the positive parts Re+ϕ and Im+ϕ of Reϕ and Imϕ , respectively,
exist, they are -homomorphisms, and they satisfy
Re+ϕ (a)= Reϕ(a)+, Im+ϕ (a)= Imϕ(a)+ for all a ∈A+
(see Theorem 2.2). Define the bilinear map τ :A×A→B by setting
τ (a, b)= Re+ϕ (a) Im+ϕ (b) for all a, b ∈A.
We see that τ is positive. Moreover, if a∧b= 0 inA then ab= 0 and thus |ϕ(a)||ϕ(b)| = 0.
This leads to
0 τ (a, b)= Re+ϕ (a) Im+ϕ (b)
∣
∣ϕ(a)
∣
∣
∣
∣ϕ(b)
∣
∣= 0.
It follows that τ is orthosymmetric and therefore τ is symmetric (where we use Proposi-
tion 2.1). Hence
Re+ϕ (a) Im+ϕ (b)= τ (a, b)= τ (b, a)= Re+ϕ (b) Im+ϕ (a) for all a, b ∈A.
In the same way, one may prove that
Re−ϕ (a) Im−ϕ (b)= Re−ϕ (b) Im−ϕ (a),
Re+ϕ (a) Im−ϕ (b)= Re+ϕ (b) Im−ϕ (a),
and
Re−ϕ (a) Im+ϕ (b)= Re−ϕ (b) Im+ϕ (a) for all a, b ∈A,
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Reϕ(a) Imϕ(b)= Reϕ(b) Imϕ(a) for all a, b ∈A,
which is the desired equality. ✷
The conjugate of a C-linear map ϕ :AC → BC will be denoted by ϕ¯, that is, ϕ¯ =
Reϕ−i Imϕ . Clearly, if ϕ is order bounded then so is ϕ¯.
Lemma 4.5. Let AC and BC be complex Φ-algebras, and let ϕ :AC → BC be an order
bounded linear separating map. If eA denotes the identity element of A then
(i) ϕ(a)ϕ¯(b) ∈ B+ for all a, b ∈A+;
(ii) ϕ¯(eA)ϕ(uv)= ϕ¯(u)ϕ(v) for all u,v ∈AC;
(iii) ϕ(u)ϕ¯(v)= ϕ(v)ϕ¯(u) for all u,v ∈AC.
Proof. By Lemma 4.2, all results concerning order bounded R-linear separating maps
obtained Section 3 can be applied to Reϕ and Imϕ .
(i) Let a, b ∈A+. Combining Lemma 3.1(ii) and Lemma 4.4, we get
ϕ(a)ϕ¯(b)= (Reϕ(a)+ i Imϕ(a)
)(
Reϕ(b)− i Imϕ(b)
)
=Reϕ(a)Reϕ(b)+ Imϕ(a) Imϕ(b) ∈ B+.
(ii) Let u,v ∈AC. It is clear that we may assume u,v to be positive. Lemmas 3.2 and 4.4
yield that
ϕ¯(eA)ϕ(uv)=
(
Reϕ(eA)− i Imϕ(eA)
)(
Reϕ(uv)+ i Imϕ(uv)
)
=Reϕ(eA)Reϕ(uv)+ Imϕ(eA) Imϕ(uv)
=Reϕ(u)Reϕ(v)+ Imϕ(u) Imϕ(v)= ϕ¯(u)ϕ(v).
(iii) This assertion follows immediately from (ii). ✷
We arrive at the end of this section to the central theorem, which is the complex version
of Theorem 3.3.
Theorem 4.6. Let AC and BC be complex Φ-algebras, and let ϕ :AC→ BC be an order
bounded C-linear biseparating map. Then ϕ is a weighted isomorphism.
Proof. First of all, notice that ϕ¯ is again biseparating and ϕ¯← = ϕ←. Applying Lem-
ma 4.5(i) to ϕ←, we derive
ϕ¯←(eB)ϕ←(eB) ∈A+.
Consider the C-linear map ψ defined from AC into BC by
ψ(u)= ϕ¯(ϕ¯←(eB)ϕ←(eB)
)
ϕ(u) for all u ∈A.
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positive and in particular ψ is real. From now on, we assume that ψ is a map from A
into B . We claim that ψ is an -homomorphism. Since ψ is positive, it suffices to show
that ψ is separating. But this stems directly from the definition of ψ . Let us prove now
that ψ is an algebra homomorphism. To this end, take a, b ∈A and use Lemma 4.5(i), (ii)
to obtain
ψ(a)ψ(b)= ϕ¯(ϕ¯←(eB)ϕ←(eB)
)
ϕ(a)ϕ¯
(
ϕ¯←(eB)ϕ←(eB)
)
ϕ(b)
= ϕ¯(ϕ¯←(eB)ϕ←(eB)
)
ϕ
(
ϕ¯←(eB)ϕ←(eB)
)
ϕ¯(a)ϕ(b)
= ϕ¯(ϕ¯←(eB)ϕ←(eB)
)
ϕ
(
ϕ¯←(eB)
)
ϕ¯←(eB)ϕ¯(eB)ϕ(ab)
= ϕ¯(ϕ¯←(eB)ϕ←(eB)
)
ϕ(ab)=ψ(ab).
Therefore, ψ is an algebra homomorphism. At this point, we claim that if w= ϕ(eA) then
ϕ(u)=wψ(u) for all u ∈AC.
Indeed, for every u ∈AC we have
wψ(u)= ϕ(eA)ϕ¯
(
ϕ¯←(eB)ϕ←(eB)
)
ϕ(u)= ϕ¯(ϕ¯←(eB)
)
ϕ
(
ϕ←(eB)
)
ϕ(u)= ϕ(u)
(where we use Lemma 4.5(ii), (iii)). By the equality above, we find
wψ
(
ϕ←(eB)
)= ϕ(ϕ←(eB)
)= eB,
that is, w has w−1 =ψ(ϕ←(eB)) as an inverse in BC. Moreover, the equality
ψ(u)=w−1ϕ(u) for all u ∈AC,
together with the fact that ϕ is bijective, imply that ψ is also bijective. Thus ψ is an
isomorphism and we are done. ✷
5. Linear biseparating maps on spaces of scalar-valued continuous functions
As a matter of convenience, all Riesz spaces and Φ-algebras under consideration in
this section are assumed to be real. At the same time, we point out that all our results are
valid for Φ-algebras over the complex numbers as well. The transition from the real case
to the complex case involves standard interpretation of definitions, the results of Section 4,
and the straightforward complexification of some results used in this section from [8]
and Corollary 15.3 in [1]. The reader who is unfamiliar with complex Riesz spaces will
be helped in the transition by reading the section on complex Riesz spaces and complex
operators in [16] or [17]. At the same time, we are aware that the explicit mention in the
literature of validity for a multitude of results in complex Riesz spaces, which subsequently
are stated and proved for Riesz spaces over the reals only, has started to put a serious burden
on any conscientious reader. Though we do feel that in general a more systematic approach
is needed to facilitate the transfer to Riesz spaces over the complex numbers, at this point
in time it would also distract the reader from the subject matter at hand while not providing
any really new insights. Let us now recall some of the relevant notions. Let L be a Riesz
space. A vector subspace D is called an order ideal if |a|  |b| in L and b ∈ D imply
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band if any subset of D that has a supremum in L actually has that supremum in D. For a
subset D of L, we define the disjoint complement (or polar) of D as
D⊥ = {a ∈L: |a| ∧ |b| = 0 for all b ∈D}.
For any set D, D⊥ is a band. We call a band D a projection band if
D⊕D⊥ = L.
A Riesz space L is said to be universally σ -complete if L is Dedekind σ -complete
and every countable disjoint set in L has a supremum in L, that is, for every subset
{an: n = 0,1, . . .} of L with |ai| ∧ |aj | = 0 whenever i = j , there exists a ∈ L such
that a = sup{an: n = 0,1, . . .}. A component of a ∈ L+ is any element p ∈ L+ such
that p ∧ (a − p) = 0. The Riesz space L is called essentially one-dimensional if for any
two nondisjoint elements a, b ∈ L there exist nonzero components p and q of a and b,
respectively, such that p and q are linearly dependent. Finally, from [1, Section 11] we
copy the following definition. A Riesz space L is said to have the property (∗) if
(∗) every universally σ -complete projection band in L is essentially one-dimensional.
The reader is encouraged to consult the memoir [1] by Abramovich and Kitover for more
information about essentially one-dimensional Riesz spaces. For instance, the next result
is a straight inference of Corollary 15.3 in [1].
Proposition 5.1. Let A and B be uniformly closed Φ-algebras and assume that A has in
addition the property (∗). Then every biseparating map from A onto B is order bounded.
At this point, we have to recall that a weighted isomorphism ϕ between two Φ-
algebras A and B a linear map for which there exist an invertiblew in B and a (Φ-algebra)
isomorphism ψ from A onto B such that ϕ(a)=wψ(a) for all a in A. Combining Propo-
sition 5.1 above and Theorem 3.3 we obtain the following result.
Theorem 5.2. Let A and B be uniformly closed Φ-algebras and assume that A has in
addition the property (∗). Then every linear biseparating map ϕ :A→ B is a weighted
isomorphism.
At this point, we turn our attention to the special case where A= C(X) and B = C(Y ),
the uniformly closed Φ-algebras of all real-valued continuous functions on completely
regular topological spaces X and Y , respectively. We start our investigation with the
following lemma.
Lemma 5.3. Let X be a completely regular topological space. If D is a projection band in
C(X) then there exists a clopen (open and closed) subsetΩ of X such thatD is isomorphic
to C(Ω) as a Φ-algebra.
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C(X)=D⊕D⊥.
Then there exist positive functions f ∈D and g ∈D⊥ such that 1X = f + g (where 1X is
the function in C(X) defined by 1X(x)= 1 for all x ∈X). It follows that both f and g only
take the values 1 and 0. Hence f and g are characteristic functions. Since f is continuous,
f = 1Ω for some clopen subset Ω of X. The isomorphism between D and C(Ω) follows
thus directly from [8, Problem 1B.6]. ✷
We call the completely regular topological space X a P -space if every prime ring ideal
in C(X) is maximal (or, equivalently, if every function in C(X) is locally constant (see [8,
Problem 4J])). Note that the converse is always true, that is, every maximal ring ideal in
C(X) is prime. Every P -space X is basically disconnected. The latter means that every
cozero-set (a set of the form {x ∈X: f (x) = 0} for some f ∈ C(X)) has an open closure.
Also, recall that every basically disconnected X is zero-dimensional, that is, X has a base
of clopen sets (see [8, Theorem 16.17] and [8, Problem 16.O]). For more background about
these notions, we refer to the standard book [8] by Gillman and Jerison. The proof of the
following lemma can be found in [6, Theorem 13].
Lemma 5.4. Let X be a completely regular topological space. Then the following
statements are equivalent:
(i) X is a P -space;
(ii) C(X) is universally σ -complete.
We derive the following interesting property of C(X).
Theorem 5.5. For every completely regular topological space X, the Riesz space C(X)
has the property (∗).
Proof. Let D be a universally σ -complete projection band in C(X). By Lemma 5.3 above
there exists a clopen subset Ω of X such that D and C(Ω) are isomorphic as Φ-algebras.
Since D is universally σ -complete and C(Ω) is isomorphic as a Φ-algebra to D, it follows
that C(Ω) is Riesz isomorphic to D as well and therefore universally σ -complete. Hence,
via Lemma 5.4, Ω is a P -space. In particular, Ω is basically disconnected. Now, let f
and g be positive functions in C(Ω) such that f ∧ g = 0. We have to find nonzero
components p and q of f , respectively, g, such that p and q are linearly dependent. To this
end, choose λ ∈Ω with f (λ)g(λ) = 0. Such an element λ exists in view of the assumption
f ∧ g = 0. From Problem 4J.2 in [8] it follows that f ≡ f (λ) on some neighborhood of
λ in Ω . Similarly, g ≡ g(λ) on some neighborhood of λ in Ω . The intersection of those
two neighborhoods contains a clopen subset Λ of Ω because Ω is basically disconnected
and thus zero-dimensional. Then 1Λf , respectively, 1Λg, are the wanted components p,
respectively, q . ✷
Combining Theorems 5.2 and 5.5, we obtain the following corollary.
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biseparating linear map ϕ :C(X)→ C(Y ) is a weighted isomorphism. In particular, C(X)
and C(Y ) are isomorphic as Φ-algebras if and only if there exists a linear biseparating
map from C(X) onto C(Y ).
It is well known that if X and Y are completely regular topological spaces and ψ is a
ring isomorphism from C(X) onto C(Y ) then there exists a homeomorphism h from vY
onto vX such that ψ(f )= f ◦h, where vX and vY denote the real-compactifications of X
and Y , respectively (see [8, Section 10]). Hence if C(X) and C(Y ) are isomorphic as Φ-
algebras then there exists a homeomorphism h from vY onto vX such that ϕ(f )= f ◦ h.
This fact together with Corollary 5.6 above leads directly to the next result, which was
already proved in an alternative way by Araujo et al. in [3].
Corollary 5.7. Let X and Y be completely regular topological. Then for every linear
biseparating map ϕ :C(X)→ C(Y ) there exist a nonvanishing function ω ∈ C(Y ) and
a homeomorphism h :vY → vX such that
ψ(f )(y)= ω(y)f (h(y)) for all f ∈C(X) and y ∈ Y.
Another classical result of rings of continuous functions theory is that if X is a com-
pletely regular topological space then C(X) and C(vX) are isomorphic as rings (see
[8, Remark 8(a)]). It follows immediately that if X and Y are two completely regular
topological spaces so that C(X) and C(Y ) are isomorphic as Φ-algebras then vX and vY
are homeomorphic. This implies that, without further assumption, the homeomorphism
from vY onto vX in Corollary 5.7 above is the best connection that can be obtained
between the topological spaces X and Y . However, under additional assumptions, X and Y
may themselves be homeomorphic as is shown in the next result.
Corollary 5.8. Let X and Y be completely regular topological spaces such that one of the
two following conditions is satisfied:
(i) X and Y are realcompact;
(ii) The points of X, as well as those of Y , are Gδ-points.
If there exists a linear biseparating map from C(X) onto C(Y ) then X and Y are homeo-
morphic.
Proof. Under condition (i), the consequence follows straightforwardly from Corollary 5.7
while under condition (ii), it stems directly from [15] by Misra. ✷
Finally, we point out that a result corresponding to Corollary 5.8 above on spaces of
vector-valued functions can be found in the recent paper [2] by Araujo.
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In [12], a commutative ring A with identity element is called soft if its space M(A)
of maximal ring ideals is Hausdorff in the hull–kernel topology and the intersection of its
set of maximal ring ideals is {0}. Recall that the closed sets ofM(A) with respect to the
hull–kernel or Zariski topology are generated by all sets {M ∈M(A): a /∈M} with a ∈A.
Let A be a Φ-algebra with identity element denoted by eA. A ring ideal in A which is
simultaneously an order ideal is called an -ideal. In [11], it is shown that the space of all
maximal -ideals of the Φ-algebra A is Hausdorff with respect to the hull–kernel topology
and coincides with M(A) if and only if each a ∈ A with a  eA is invertible in A, that
is, if and only if A is closed under bounded inversion. It follows that every Φ-algebra
closed under bounded inversion is soft, and it follows from Corollary 3.5 of [12] that if
there is a linear biseparating map ψ from one such a Φ-algebra A onto another one B,
then the topological spaces M(A) and M(B) are homeomorphic. The existence of this
homeomorphism does not, however, imply that ϕ or its inverse is a weighted isomorphism
even if A = B is an algebra of real-valued functions in which every function that does
not assume the value 0 is invertible. In other words, even if A and B are Φ-algebras
closed under bounded inversion such that M(A) and M(B) are homeomorphic, a linear
biseparating map ϕ from A into B need not be a weighted isomorphism. We illustrate this
fact with the next example.
Example 6.1. Let A be the Φ-algebra of all piecewise rational functions on [0,1), that is,
f ∈A if and only if there exists a partition
0= a0 < a1 < · · ·< amf−1 < amf = 1
so that, over each interval [ak, ak+1), f = Rf,k for some rational function Rf,k with k =
0, . . . ,mf − 1. Consider the map φ defined on A by putting
φ(f )(x)=E′f,k(0) for all x ∈ [ak, ak+1) (k = 0, . . . ,mf − 1).
Here Ef,k is the unique polynomial satisfying the inequality deg(Rf,k − Ef,k) < 0, and
E′f,k is the derivative of Ef,k . Clearly, φ is linear and satisfies φ2 = 0. Whence, the linear
map ϕ = I + φ has an inverse ϕ← = I − φ, where I denotes the identity map of A. It
is not hard to show that both, ϕ and ϕ← are separating, that is, ϕ is a linear biseparating
map on A. However, by a simple verification, one may see that ϕ is not order bounded and
therefore ϕ cannot be a weighted isomorphism.
Notice that the Φ-algebra considered in the previous example is not uniformly closed.
Therefore, it seems natural to ask whether if A and B are uniformly closed Φ-algebras,
must every linear biseparating map ϕ :A→ B be order bounded and then a weighted
isomorphism even if the universally σ -complete projection bands in A fail to be essentially
one-dimensional? According to Example 7.13 in [1], the answer is no, even if A is
Dedekind complete. Indeed, that example produces a linear biseparating map ϕ on the
Dedekind complete (and then uniformly closed) Φ-algebra L0 ([0,1]) of all equivalence
classes of measurable functions on [0,1], which is not order bounded and thus cannot be
a weighted isomorphism. The example depends on the existence of a so-called d-basis in
K. Boulabiar et al. / J. Math. Anal. Appl. 280 (2003) 334–349 349L0([0,1]). Whether such an example can be constructed more concretely is not clear at the
moment. In spite of that, this example allows us to say that conditions satisfied by the Φ-
algebrasA and B in Theorem 5.2 are close to being the best possible for linear biseparating
maps on Φ-algebras to be automatically weighted isomorphisms.
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